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r> ' Abstract 



We study the generic p — p' system in the presence of constant NS 2-forni Bij field. 
We derive properties concerning with the noncommutativity of D-brane worldvolume, 
the Green functions and the spectrum of this system. In the zero slope limit, a large 
number of light states appear as the lowest excitations in appropriate cases. We are 
able to relate the energies of the lowest states after the GSO projection with the con- 
figurations of branes at angles. Through analytic continuation, the system is compared 
with the branes with relative motion. 
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I. Introduction 

There are several reasons to expect that noncommutative geometry may play a pivotal 
role in the developments of string theory. The developments which have already taken 
place include an effective worldvolume description of D-branes in terms of noncommuting 
coordinates [^. One may mention the recent proposal by Connes, Douglas and Schwarz that, 
in the small volume limit, the compactification of Matrix theory on a torus with background 
C-ij should be described by noncommutative Yang- Mills theory on the dual torus 0, Q. 
The T-duality in string theory is found to have a counterpart in noncommutative geometry 
called Morita equivalence 0]. Much work has been done, following these developments. (See 
1^ for references.) Let us mention here the work on instantons on noncommutative space. 
In order to remove the singularities of the instanton moduli space, one needs to introduce a 
nonvanishing parameter in the ADHM construction of instantons [p. Nekrasov and Schwarz 
noticed that the ADHM construction of instantons on noncommutative space recovers this 
modification so that the smooth moduli of the instantons are the moduli space of instanton 
on noncommutative space 0]. 

These ideas have recently been extended by Seiberg and Witten 0. Noncommutativity 
of D-brane worldvolumes has been shown to emerge from the open string Green function 
in the presence of constant rank-two antisymmetric background field Bij. In fact, at the 
boundaries of an open string, the two-point Green function is 

Ix\t)x'{t')) = -a'G'^ log(r - r'f + -^*^e(r - r') , (1.1) 

where r =| z |, G*-' is an open string metric and 9^^ is a noncommutative parameter measured 
by 

[x\T),X^{T)]=ie'^ . (1.2) 

As mentioned above, the D-brane worldvolume is a noncommutative space. In the zero slope 
limit a' —^ while keeping the open string metric G^^ and the noncommutative parameter 
9^^ finite, the operator product becomes a * product of noncommutative geometry, which is 
associative and translationally invariant. Properties of the D-branes can be described by an 
effective action on the noncommutative space. Several other topics have been investigated 
ini. 

In the D0-D4 system with Bij background, in particular, it has been found that a large 
number of light states emerge when Pf{B) < 0. In the zero-slope limit, the system can be 
effectively considered as the configuration in which there is a continuous distribution of DO's 
in the D4 worldvolume. The properties of the system can then be treated as those of DO-DO 
pairs. The existence of a large number of light states could be interpreted as fluctuations of 



the one end point of the open string stretching between two DOs, keeping the other end fixed. 
As the D0-D4 system without Bij field can be understood in terms of small instantons p, 0, 
the low lying D0-D4 excitation spectrum with Bij should correspond to small fiuctuations 
around point-like instantons. But now the instantons live in noncommutative R^. 

In this paper, we consider the generic p-p' system in the presence of B field. In the next 
section, we will derive the value of the parameter 6 which measures noncommutativity, the 
Green function and the excitation spectrum. In [^, it has been shown that in the presence 
of constant Bij the D-brane worldvolume should be noncommutative. The analysis is based 



on the open string Green function in the background [Tj]. The end point of the open string 
probes the worldvolume structure of D-brane. This suggests that we may investigate the 
Dp worldvolume via Dp-Dp' open string. We find that although the open string Green 
function is quite different from the one in eq.(l.l) where only Dp-branes are considered, 
the noncommutative structure is the same. Our calculation gives a consistency check of the 
formalism: in Dp-Dp' system, we can study the space structure either with Dp-Dp open 
string or with Dp-Dp' open string. The two approach should give the same answer. This 
might indicate the existence of a universal description of the noncommutativity of Dp-brane 
worldvolumes rather than the one by the open string. We find that a number of light states 
emerge in the zero slope limit in some appropriate cases. Since the D0-D2 system in the 
presence of the B field can be used as a building block of the Green functions and the 
description of the states in terms of the modes, we will discuss this case in some detail. 

Another theme on the p-p' system with constant B field which we observe is its equivalence 
to the system of two D-branes at angles after T-duality. Configurations of D-branes at 
angles have been studied in |T^, |rT|. It has been noticed that in general such configurations 



break all of the supersymmetries and only for some special configurations a fraction of them 
survives. One such example is two D2 branes intersecting at right angles. Via T-duality, it is 
related to the D0-D4 system. We provide appropriate identifications between i/ s in the p-p' 
system originated from the canonical form of B and angles in the T-dualized system, paying 
attention to the GSO projection and BPS configuration. It is found that the energies of 
the ground state after the GSO projection and the lowest excitations in the p-p' system are 
closely related to the condition for supersymmetry in the system of branes at angles. The 
above identifications measure how far the system is from a BPS configuration. In the dual 
picture, the light states correspond to the small fiuctuations around the BPS configuration. 
For example, in the case of D0-D4, under our identification, the energies of the lowest GSO 
states are proportional to (pi + 02- When Pf{B) < 0, the T-dualized picture is a D2 almost 
parallel to another D2, in the a' ^ limit, and a large number of light states appear. 
And when Pf{B) > 0, the T-dualized picture is two almost anti-parallel D2 branes. The 
tachyon appears as the lowest state and has energy proportional to vr. There are no light 



states in the limit of a' ^ 0. The value of (/)i + (j)2 tells us whether we are near or far from 
a BPS configuration. In fact, even without taking the zero slope limit, we can know from 
the dual picture in which case our p-p' system keeps a fraction of supersymmetries. In the 
case of D0-D4, as long as B12 = — -B34, the identification leads to 0i + 02 = 0, which is the 
condition for supersymmetry in the case of two D2 branes at angles, so that our system is 
BPS although the worldvolume of D4 now is noncommutative. In the case D0-D4 with Bij, 
the BPS condition requires that B12 = B34. The careful treatment of the generic DO-Dp 
[p = 2, 4, 6, 8) system will be discussed in section III. 

In section IV, we compare our p-p' system with Bij background with two D-branes with 
relative motion. The dynamics of D-branes with relative motion has also been noted for 
some time [jl5|, |16|. It has been related to an open string pair production in a constant 



electric background [T^. Therefore, for generic B^,^ background, the p-p' system can be 
treated either as the two D-branes with relative motion or as those with relative orientation 
depending upon whether the time direction is included or not. 

The one-loop vacuum amplitude has been evaluated. The dependence on u tells us in 
which case we have a nearly supersymmetric configuration. The effect of 5^,^ can be seen 
from the investigation of either motion D-branes or D-branes at angles. This means the 
dynamics of D-branes come from the introduction of i?^i, field. 

II. p-p' System with Bij Field 

In [Q , it has been shown that two Dp-branes in the presence of constant B^j field can still 
preserve one-half of the supersymmetries and the excitations from an open string between 
the two Dp-branes are unchanged. The only effect of B field is to make its worldvolume 
noncommutative. In order to describe the D-brane worldvolume geometry, it is expedient to 
introduce the parameter 6ij which measures noncommutativity and the open string metric 
Gij. In the zero-slope limit, the tower of string excitations are projected out and we obtain 
an effective description in terms of finite 6 and G. The low energy effective action of the 
Dp-brane is super- Yang-Mills theory defined on a noncommutative space 0. 

In the case of p-p' system, we find that supersymmetry can not be kept generically and 



tachyons are ubiquitous. As -Bj,- can be set to its canonical form 
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(2.1: 



and the space-time is flat with metric 



yij ^^ij 



(2.2) 



we can reduce the problems of the mode expansions and the Green functions in the p-p' 
system to those in the D0-D2 system. Let us focus on this case for a while. 

We take the D2 worldvolume to extend in the a:°, x^, x^ directions. We define Z = x^+ix^. 
The boundary conditions on the D0-D2 bosonic open strings Z and Z are 

drZ\„=Q = d^Z + hdrZ\^=^ = , 

drZl=o = d;z - bdrZl=^ = . (2.3) 

The mode expansion of Z and that of Z satisfying the above boundary conditions are 
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where 
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< z/< 1 
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and z = e'^'^*'^ (Im^; > 0). When b is small or goes to ±00, u can be approximated by 



(2.5) 



u 




CXO 



(2.6) 



From quantization, we know the commutation relation of a and a: 
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\a 



, a 



n+vi '-^—m+u] 



- - (n + iy)6m+n ■ 
The oscillator ground state |0) implements the conditions 

an+iy\0) = , n < , 



(2.7) 



(2i 



am+.|0) = , m>0 . (2.9) 

in the current notation. (Notice the minus sign of the right hand of eq. (|2.7| ) ). We have 
two groups of creation operators, the one consisting of Un+i, with n > and the other of 
otm+u with m < 0. We will find that the excitation energies are different between these two 
groups. 

The Virasoro generators of the Z-Z system are given by 



Lm — 77 2^ '■ Oin+uOim+n+u '■ ■ (2-10) 



The ground state energy is 



BM=|(„_,) = J__l(,_l)^ . (2.11) 

From the eigenvalues of Lq action, we can read off the excitation energies. The two lowest 
excitations are a^, with its energy u and a-i+u with its energy 1 — v. Which one is the 
lowest depends on whether v is bigger or smaller than one-half, or equivalently on whether 
h is positive or negative. 

We have the D0-D2 open string with one end on the DO brane and the other on the 
D2 brane. To evaluate the parameter 9 which measures the noncommutativity on the D2 
worldvolume, let us find the commutator between Z and Z at the D2 endpoint. This leads 
us to calculate the two-point function between Z and Z. From the mode expansion eq. ( |2.4| ), 
we find 

(o|z(^)z(/)|o) = --(o| Y. ^^^ (^"^' - ^""'") E """""' (^'™~' - ^""~") |o) 



a' ^-^ 1 
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z' J \z' J \z' 



(2.12) 



where the infinite series can be written in terms of the hypergeometric function 

$(^, 1, z/) = E — = ^''2F,il, p-l + u-z) , \z\<l . (2.13) 

Similarly, we can obtain the two-point function {Q\Z{z)Z{z')\Q). The commutator at the end 
point o" = TT is 

r 1 91 .27ra' b /^ ^ .-, 

[x\x^] = ^^.^—^. (2.14) 



Eq. ( p.l4|) can be compared with eq. (2.5) of [§] 
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9'^ = 2-Ka 



g + 2'Ka'B 



(2.15) 



where ( )a denotes the antisymmetric part of the matrix. Substituting eqs. ( pTl|) and (|2] 
one has 
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e 1 + 62 



(2.16) 



Eq. ( |2.14| ) and eq. ( |2.16|) agree. The Green function of the Dp-Dp system and that of the 
D0-D2 system have the same noncommutativity. 

The open string metric Gij on the D2 worldvolume can be extracted from the Green 
function evaluated at the end point a = -n. We find 



^/ \ n—v 



{Q\z{z)z{z'm 

From the property 
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lim$(z,l, !/)/[- log(l-^)] = l 



(2.17) 



(2.18) 



(0|Z(^)Z(^')|0) 
(0|x^(2)x^(^')|0) 



we find that the singular behaviour of eq. ( 2.17] ) as r — > r' is logarithmic: 

~ -- (2 - e^-- - e-2--) log (f - e^')' , 
= (0|x2(z)x2(z')|0) ~ -^ (2 - e^'^^ - e-^'"^) log fe" - e"' 
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:(l + 62) 

Eq. ( |2.19|) can be compared with eq. (2.5) in 



(2.19) 
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(2.20) 



where ( )s denotes the symmetric part of the matrix. From eqs. ( |2.1| ) and ( p.2| ) we obtain 



11 ^22 



G^^ = G^ 



(2.21) 



e(l + 62) • 

Comparing this with the prefactor of the logarithm in eq. (|2.19|) , we find that the open string 
metric obtained in our system is exactly the sameQ as that in |Q. 

We conclude that the noncommutativity of the worldvolumes of the D-branes and the 
open string metric can both be probed, using the generic p-p' system. 

•^Please note that the time variables r and t' in [g] mean respectively e"^ and e'^ in this section. 



Let us now turn to the worldsheet fermions in the NSR formahsm. First, define 

^ = ^l+i^2^ ^ = 2P^-i2/j^, (2.22) 

$ = ^i + i^2^ $ = ^^-i^2_ (2.23) 

The boundary conditions for the worldsheet fermions can be determined by demanding the 
worldsheet supersymmetry. We find that, in the Ramond sector, the worldsheet fermions 
obey 

^ + $U=o = (^ - $) - ibi^ + <I>)U=, = , (2.24) 

^ + $U=o = (^ - $) + ib{^ + $) U=, = . (2.25) 

The mode expansion on the upper half plane is 
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neZ riGZ 



1 zp ■! — ^ ^ „ ,, 1 



^=Y d-n+uZ""-"-^ , $ = - E rf"-n+.^"-"-^ . (2.27) 

neZ neZ 

The total ground state energy vanishes in the Ramond sector due to the cancellation be- 
tween bosons and fermions. As in the bosonic case, the excitations come from two types of 
oscillators d and d, and the two lowest ones have energy E = u and E = 1 — u respectively. 

In the NS sector, the boundary conditions change to 
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^ + $ a=0 = (^ + <5) 
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(2.31) 
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The contribution to the ground state energy from the NS fermions is — i5(|z/ — ||) and in 

general cannot cancel the bosonic contribution. Two kinds of excitations can be ordered 
according to the energies they carry: 

113 15 3 , , 

r^>^: u--,--u,- + u,--u,- + u,.... (2.32) 

1113 3 5 , , 

^<2^ 2-^^' 2+^^' 2"^^' 2+^^' 2-^'---- (^-^^^ 



The total ground state energy in the NS sector is 
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(2.34) 
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The first excited state has an energy 

El = Eq + 
We rewrite the energies of these two states collectively as 

E^ 



11/ 1 

— ±- (u-- 

4 2V 2 



I.e. 



E^ 



^z/-l), E- = --u 



(2.35) 



(2.36) 



(2.37) 



2' ' ' 2 

Due to the GSO projection, only one of these two states survive. We determine which state 
we should project out in the following way. As we will disscuss later, DO-branes are induced 
on the D2-brane worldvolume in the zero-slope limit 0. When Pf{B) < 0, we identify them 
with DO's not DO's, following the argument in ^j. Using this definition of the DO-brane, we 
take the GSO projection so that the system becomes D0-D2 not D0-D2. In the other cases 
which we will investigate in the following, we will take the GSO projection in the same 
manner. 

By definition, E~ is chosen as the ground state after the GSO projection while E~^ is left 
out in the entire region oi u : < z/ < 1. We can restate this by saying that, when b is 
negative, we keep Ei and leave Eq out and that, when b is positive, we keep Eq and leave 
El out. From this latter point of view, it can be said that, in the two regimes of z/, the GSO 
projections are opposite. We will see that the pattern of classification of states seen in eq. 
( p. 37] ) will hold in the generic p-p' system. 

For small positive b, 
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and we have a tachyonic state after the GSO projection. For small negative b, we have 
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(2.39) 



The ground state is projected out and the part of the remaining first excitations is still 
tachyonic. 

We are, however, more interested in the situation in the zero slope limit, i.e. \b\ -^ oo 
limit. We would like to know if some light states survive. This is in parallel to the discussion 
of D0-D4 system in [^]. We will see that a large number of light states appear for b negative. 

As 6 — > +CX), the ground state energy becomes 

B„«-i(l-^) . (2,40) 

being of order 1. Clearly this is tachyonic and is the same order as the energy of the tachyon 
in the DO-DO system. In the language of [Q, the large positive b induces a large number of 
DOs in the D2, and the DO can annihilate one of these DOs. All of the one-particle excitations 
are projected out and the lowest two-particle excitation has energy 

which is positive, and also of order 1. This state cannot become light in the zero-slope limit. 
We conclude that our system has no light state for b positive. 

For b -^ — oo, we have a different story. The first two one-particle excitations have 
energies 

^' - 2s; ■ ^'"-ii' '^■*^> 

and their mass squared are finite as a' — *> 0. Apart from these two light states, we obtain 
eight more states by acting on |0) with the creation operators which carry the lowest energy 
i and which are obtained from the NS fermion partners of x*^'^'"'^. These states have energies 

Ei ^ , (2.43) 

surviving the a' -^ limit. We can further act on these states with an arbitrary polynomial 
consisting of a^ with its energy u = —^. This also leads to a finite energy state in the 
zero-slope limit. We conclude that, for b negative, we have a large number of light states in 
the a' ^ limit. The one end of the open string is fixed and the other end can be located 
anywhere in the D2 worldvolume. We have a continuous distribution of DOs in D2. 

The appearance of a large number of light states in the zero-slope limit for b negative can 
also be understood in the framework of two D-branes intersecting at angles. As we will show 
in the next section, when u is about zero, the corresponding angle is about zero. We have a 
cofiguration of two Dl branes with very small relative angle, which is nearly super symmetric. 
The excitations are almost massless. 



-10- 



This completes our discussion of the D0-D2 system with Bij background. The D0-D4 
system with B^ background has been discussed in [Q and we will recapitulate this case very 
briefly for the sake of completeness. The four lowest energy states including the ground state 
have energies 

Eg = ±^{u, - U2) . (2.44) 



Et 



±-{iyi + u2-l) 



By definition, the GSO projection keeps the states with energies E^ and leaves out the states 
with energies Eg in the entire region of z/i and z/2. When Pf{B) > 0, the D0-D4 system is 
tachyonic. The tachyon mass squared is of order 1/a' in the a' —>■ limit. It implies that 
this is a standard DO-DO tachyon. When Pf{B) < 0, and after the GSO projection, the 
lowest state and the first three excitations survive the a' — ;> limit. As in the D0-D2 case, 
the one-particle excitations from the lowest fermionic partners of the other directions and 
the multiparticle excitations of arbitrary varieties consisting of the lowest bosonic mode give 
light states in the zero-slope limit. We have a large number of light states here. 

Let us now turn to the D0-D6 case. In the D0-D6 system with Bij field, the ground state 
in the NS sector has energy 
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(2.45) 

1 1 . The energies of the lowest excitations 

11 1 

(2.46) 



In fact, these eight states may be classified into two groups each consisting of four states. 
The one group has energies 



E+ 



and the other group has energies 



E- 



-ui - z/2 - z/3 + 2) 

Z/i + z/2 - z/3) 
Z/i - z/2 + z/3) 
-Z/i + z/2 + z/3) 



^^3 + 1^ 



(2.47) 
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^(-Z^l -Z/2 + Z/3 + I) 
, |(Z^1 -F Z/2 + Z/3 - 1) 



(2.48) 



By definition, the GSO projection keeps the states with energies E^ and projects out the 
states with energies E~ . With this choice, we see if some light states exist. 
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When Pf{B) is positive, namely, either all of bi s are positive, or two are negative and the 
one is positive, E^ is about ±|. We have a tachyonic state and three excited states, all with 
mass squared being of order 1 in the unit of 1/a'. These states do not survive the a' -^ 
limit. When Pf{B) is negative, we have two possibilities: either all of hi s are negative, or 
two of them are positive and the one is negative. 



In the former case. 
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in the zero-slope limit. The first state in eq. ( |2.49| ) coming from the three-particle excitation 
is very heavy and the remaining three states coming from the one-particle excitations are 
light. In fact, we have three more light states coming from the one-particle excitations which 
carry energies 

1/3 1 1\ ^ ( ^ 3 1\ ^ ( ^ 1 3\ 

2 V Tihi nb2 vrfea/ ' 2 V nbi 7162 7163/ ' 2 V nbi nb2 T^b^J 

(2.50) 

Similarly, the lowest modes of the NS fermions from the directions without Bij carry energy 



i. These give rise to light states with energy 
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1 



Tibi 



1 

7r62 



1 
7r&3 



(2.51) 



One can also act on these states with an arbitrary polynomial consisting of the lowest bosonic 
creation operators ay^{i = 1, 2, 3). This gives us a large number of states with finite energy 
in the a' — > limit as each Oy^ has energy z/j ^ ''~f- 

In the latter case, we may take &i,&2 positive and 63 negative without losing generality. 
We obtain 
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Obviously the second state comes from the three-particle excitations and is very heavy. The 

other three states are light. Three more light states come from the one-particle excitations 

with energies 

1/3 1 1\ 1/1 3 1\ 1/1 1 3 

2 \7r61 Txb2 T^b-^J ' 2 \nbi nb2 T^b^J ' 2 \nbi nb2 nb^, 

As in eq. (|2.51|) , we have 
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The lowest bosonic modes are a^i^^-^, a_i+i^2 ^^^ ^^zi each of which carries energy 

— - , — - , and 

TTOi 7102 7r03 

respectively. These again give rise to a large number of light states. We conclude that, in 
the Pf{B) < case, there always exist a large number of light states in the a' ^ limit. 

The D0-D8 system with Bij field can be studied in the same way. In the NS sector, the 
ground state energy is 
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and the lowest excitations have energies 
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1 
2 



(2.56) 



(2.57) 



These sixteen states including the ground state can be classified into two groups each con- 
sisting of eight states. The energies are 



E^ 



Z/l - Z/2 - Z/3 - Z/4 + 3) 
1^2 - 1^3 - J^A + i) 



2 1^1 

|(Z/1 -Z/2 + 2^3 - «^4 + 1 



i(z/l -U2-U3 + UA + I) 
-Vl + V2 + ^■i -2^4 + 1) 
-Z/1 + Z/2 - ^^3 + ^^4 + 1) 
-Vl - Z/2 + Z/3 + Z/4 + 1) 
«^1 + ^^2 + ^^3 + ^^4 - 1) 



E- 



\{Ul - Z/2 - Z/3 - ^^4 + 2) 


|(-Z/l + Z/2-Z/3-Z/4 + 2) 


|(-Z/1 - Z/2 + Z/3 - ^^4 + 2) 


|(-Z/1 - Z/2 - Z/3 + Z/4 + 2) 


|(Z/1 + Z/2 + Z/3 -^a) 


\{vi + U2-iys + U4) 


|(Z/1 - Z/2 + ^^3 + ^^4) 


|(-Z/1 + Z/2 + Z/3 + ^^4) 



(2.5^ 



The GSO projection selects the states with energies E^. It is not difficult to find that, for 
Pf{B) > 0, we have no light state and the mass squared of the tachyonic state is of order 
1 in the unit of 1/a'. When Pf{B) < 0, we always have a large number of light states in 
the a' ^ limit. Let us first consider the case with one positive and three negative hi s. 
Taking 61 > and &2) ^3) ^4 < 0, one can find eight light states in the lowest excitations with 
energies: 



1/1 1 


I 


1 \ 


1 


( 1 , 


1 


1 


1 \ 


2 \7lbi 7lb2 


7163 


Tib^J 


2 


U61 


7lb2 


7163 


Tibi) 


1 f I I ^ 

2 XTibi 7r62 


1 


1 \ 


1 


( 1 


I 


1 


1 


nb^ 


nbi) ' 


2 


^ Tibi 


7r62 


7163 


7r64 


1^3 1 


1 


1 \ 


1 


( 1 


3 


1 


1 \ 


2 \7Tbi 7lb2 


nb^ 


nbi) ' 


2 


U61 


7r62 


7r63 


7r64/ 


i, 1 _ 1 . 

2V61 nb2 


3 


7r64''' 


1 


( 1 


1 


1 


3 A 


irb^ 


2 


Ufei 


7r62 


7r63 


7r64/ 



(2.59) 
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From the bosonic sector, we find the single particle excitations with energies 

1-^1^4' -^' -^' -^ • (2.60) 

TTOi 7r02 vros 1104 

For the case with three positive and one negative fejS, for example, 61,625^3 > 0, 64 < 0, we 
have 

1/1 1 1 1\ 1/1 1 1 1 

2 V7r6i 7r62 tt^s 7r64/ ' 2 V7r6i 7762 tt^s 7764, 
1/1 1 1 1 \ 11 1 1 1 

"■■4 



2 \7r61 7162 7763 7764/ 2 7r6i 77^2 TT^s 7r6, 

1/3 1 1 1\ 1/1 3 1 1 

2 V7r6i 7162 Trfea 7764/ ' 2 \7r61 7762 tt^s 7r64 

1/1 1 3 1\ 1/1 1 1 3\ 

2 \7ibi Tib2 Tih'i Txh^) ' 2 \7rfe1 7162 7163 7rfe4/ 

From the bosonic sector, we obtain the one-particle excitations with energies 

111 1 

7r6i ' 711)2 ' TT^a ' 7r64 

which give rise to a large number of light states in the a' — *> limit. 



(2.62) 



III. The Relation with the Branes at Angles 

It has been realized for some time that the system of the two D-branes at angles is T-dual 
to the p-p' system with background T = F + B |TI], TT]. For example, in the case of D2-D2 at 
angles, the BPS configuration is T-dual either to the DO bound to D4 as a self-dual instanton 
or to the DO bound to D4 as an anti-self- dual instanton. Now working on the p-p' system 
in the presence of B^ field, we reconsider its relation with the configuration of the branes 
at angles, focusing on the BPS configuration, the existence of light states and the moduli 
of noncommutative instantons. The properties of the system of branes at angles have also 



been discussed in 1112 



IS 



In the generic p-p' system with Bij field, the boundary condition of the p-p' open string 
dT-x^\a^=o = QijO^x^ + 2TJ:ia' BijdrX^\^=T, = . (3.1) 



Let us first consider the D0-D2 case, i.e. i,j = 1,2, as the boundary conditions of the 
generic p-p' system reduce to those of this case. Via T-duality, we will relate this case to the 
system of two Dl-branes intersecting at an angle. 



-14- 



We study an open string ending on two Dl-branes at an angle cf) in the (x^, x^)-plane. 
We take one of them to be ahgned along the x^ direction. In terms of the coordinates 
Z = x^ + ix"^, the boundary conditions are 



a = , d„Re{Z) = (9^Im(Z) = , 

a = 7i , d^Re [exp(i0)Z] = d^lm [exp(i0)Z] = . (3.2) 

Writing in components, eq. ( ^.21 ) becomes 

a = 0, d^x^ = 0, drx"^ = , 
a = 71, d„{x'^ + bx^) = , 

dr{bx^-x^) = , (3.3) 



(3.4) 



(3.5) 

the boundary condition becomes identical to that of the D0-D2 system with Bij (|2.3| ), which 
we wanted to show. 



tan0 = 


1 


taking T-duality in the x^ direction 




d^x^ ^ 


—idrX 



From eq. ( |3.4| ), we obtain 

Z/TT , 
Z/TT — TT 



(3.6) 



This means that we have two choices of angles corresponding to the same h or v. Which 
identification we should adopt depends on the ways the GSO projection is made. For the 
systems of Dp-Dp at angles, we take the GSO projection so that when all the angles 0j vanish 
we have supersymmetric systems, i. e. the systems of Dp-Dp not Dp-Dp. We have to fix the 
identfication between the angles (pi and Ui in such a way as the situation is cosistent with 
the GSO projections taken in the last section. 

In what follows we will fix the relations between the angles and z/'s for all cases discussed 
in the last section. We will show that the energies of the ground states surviving the GSO 
projection that we obtained in the last section are described in the forms related to the BPS 
conditions for the systems of the D-branes at angles. 

Let us look at the D0-D2 system more closely. Taking T-duality, we obtain Dl-Dl at an 
angle 0. Since the system must be supersymmetric when = 0, the GSO projection ( p.37|) 
tells us to identify with u in the following way, 

= Z/TT. (3.7) 
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It follows that the energy E in ( p.371 ) of the sate surviving the GSO projection is expressed 
as 

E- = -l^ . (3.8) 

For 6 < we have ^ in the zero-slope limit. The system becomes almost sypersymmetric, 
i.e. the Dl-Dl system, and the ground state is nearly massless. The bosonic fluctuations 
generated by a^'s with energy u = (p/n ^ give us a large number of light sates in this limit. 
On the other hand, for 6 > we have (p ^ tt. The system becomes non-supersymmetric, i.e. 
almost Dl-Dl system, and the ground state becomes tachyonic. 

As we pointed out in the last section, when z/ varies from to 1 the level crossing happens 
between the ground state and the first excited state. This yields the apparent flip of the 
GSO projection. Combining this fact and the identification (|3.7| ), we are able to explain how 
we can convert the Dl-Dl system (0 = 0) continuously to the Dl-Dl system (0 = vr) while 
they have the GSO projections opposite to each other. 

As the next example, let us consider the D0-D4 case with B field. When we take T- 
duality in the x^- and the x^-directions, the system becomes D2-D2 at angles 0i and 02 in 
{x^, x^)- and {x^, x^)-planes respectively. For the consistency with the GSO projection ( ^.44| ) 
we should identify the angles with z/'s as follows: 

01 = UiTC , 02 = Z/27r - TV . (3.9) 

Among the supersymmetry conditions for the system of D2-D2 at angles 

01 + 02 = , 01 - 02 = (mod 27r) , (3.10) 



the former equation is that for the present D0-D4 system. The energies E^ in (|2.44| ) of the 
states surviving the GSO projection are expressed as 

^±=±7^(01 + 02) . (3.11) 

For Pf{B) > we have 0i -|- 02 ~ ±7r in the zero-slope limit. We have an almost D2-D2 
system and the ground sate is tachyonic. For Pf{B) < we obtain 0i -|- 02 ~ in the 
zero-slope limit. We obtain an almost Dl-Dl system. The lowest energy states are almost 
massless and the bosonic fluctuations with energies proportional to the very small angles 
give us many light states in this limit. 

On the other hand, if we consider the D0-D4 system, we should choose the GSO projected 
states with energies E^ = ±|(z^i — 1^2), which is proportional to 0i — 02 under identification 
0j = i/jTT. Note that the condition for supersymmetry now turns out to be the latter equation 



in eq. (|3.10|). Therefore, only when Pf{B) > 0, we have a large number of light states coming 
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from the DO-DO pairs. It can be interpreted as the fluctuations around the supersymmetric 
configuration in the picture of branes at angles. 

Another point which is worth mentioning is that the supersymmetric condition, either of 
the form of 0i + 02 = for D0-D4 or of the form of 01 — 02 = for D0-D4, is closely related 
to the moduli of instantons or anti-instantons on noncommutative R^. As argued in [^, in 
the case of D0-D4 with Pf{B) < 0, the tachyon mass squared vanishes when 6i + 62 = and 
the system is supersymmetric. From the dual picture of branes at angles, this correspond to 
01 + 02 = under our identification (|3.9|). As for D0-D4, when bi = 62, the system becomes 



supersymmetric and BPS, representing a point on noncommutative anti-instanton moduli 
space. 

Next we consider the D0-D6 system with B field. When we take T-duality in three of the 
spatial directions along the D6-brane worldvolume, we obtain the system of D3-D3 at angles 
01, 02 and 03. By repeating the considerations on supersymmetry and the GSO projection 
similar to those of the D0-D2 and the D0-D4 cases, we find that we should choose one of the 
following identifications: 

0. = Uiir (i = 1,2,3) , 

01 = z/ivr , 02 = z/27r - vr , 03 = z/gTr - vr , (3.12) 

and its permutations. In both identifications, the energies E'^ of the states surviving the 
GSO projection, listed in ( |2.47| ), are expressed as 



27rE^ 



)1 + 02 - 03) 
>1 - 02 + 03) 
-01 + 02 + 03) 



(mod 27r) . (3.13) 



From this we find that when the states become massless, the condition that supersymmetry 
for the system of D3-D3 at angles be unbroken is satisfied. This means that at least one of 
the following equations holds: 

01 ± 02 ± 03 = (mod 27r) . (3.14) 

Finally let us consider the case of D0-D8. Taking T-duality in four of the spatial directions 
along the D8-brane worldvolume, we obtain the system of the D4-D4 at angles 0j {i = 
1, . . . , 4). In this case we should choose one of the following identifications: 

01 = Z/lTT - TT , 0i = Z/jTT (z = 2, 3, 4) , 

01 = z/ivr , (f)i = UiTT - 71 (i = 2,3,4), (3.15) 
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and the permutations of them. As in the three previous cases, supersymmetry is partially 
recovered when some states of energy E"^ listed in eq. ( p.58| ) become massless. Therefore at 



least one of the following conditions for supersymmetry is satisfied: 

01 + 02 + 03 + 04 = 0, (mod 2tt) , 0i + 02 " 03 - 04 = 0, (mod 27r) , 

01 - 02 - 03 + 04 = 0, (mod 2tc) , 01 - 02 + 03 - 04 = 0, (mod 27r) . (3.16) 

Obviously, for Pf{B) < a large number of light states appear in the zero-slope limit and 
for Pf{B) > the system is not supersymmetric and the T-dualized picture is almost D4-D4 
pair. 

IV. One-Loop Amplitudes and the Branes with Relative Motion 

In this section we will relate the p-p' system in the presence of Bij field with moving D- 
branes. As is well known, the system of the D-branes with relative motion has a connection 
with D-branes in a constant electric background ]TB| , |T^, |T5|. In the last section we considered 



the D-branes in a constant magnetic field, which can be related to D-branes at angles by 
T-duality. Therefore in a generic B^j^^, background, the p-p' system can be either thought of 
as D-branes with relative motion or the ones with relative orientation. This fact reminds us 
of the motion of a charged particle in the presence of constant electric field or magnetic field. 

Suppose that the two D-branes move with a relative velocity v. The mode expansion of 
an open string satisfying the appropriate boundary condition has almost the same form as 
eq. (|2.4|) but with a pure imaginary parameter: 

arctan(t>) 
le = -— = V , (4.1) 

TT 



where v is the parameter in the mode expansion ( ^.4] ). This identification shows that the 
two problem can be treated in one way. 

As an illustration, let us consider the open string one-loop vacuum amplitude for the 
D0-D2 case. It takes the form 

'■°° dt 



where 



^ /'"-(327rVt)-5exp(-2WtM2) , (4.2) 



M^ = ^ + l;^(oscillators) , (4.3) 
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with y being the distance between two D-branes. We denote by ^NN the number of directions 
in which both ends of the open string obey the Neumann boundary condition. Here jjA^A^ = 0. 
Then the amphtude is 

A^ T- (327r2a't)"^ exp {-^\ -BxF , (4.4) 



10 t ^ ' \ lixoi: 

with 

B = (^(^t))"'|-^e'^^-*-^^^| , (4.5) 

P = l\llZ\{'^a■,^t)-llZ^{'ya,^t)-llZ\{'^a,^t)-llZ\{'^a■,^t)\ , (4.6) 

Ka=l a=l a=l a=l ) 



(4.7) 



where ly = ui ^ 0, and 1^2,3,4. = 0. -B is the contribution from the bosonic oscillators and F 
is the one from fermionic parts. We have introduced 

Z%{u■^t) = H^ . (4.8) 

Let us focus on the long range potential between the branes. We approximate eq. (|4.4| ) 
in the limit of a' — > and small t. Using the modular property of Jacobi function, we find 
that 

§ii{ivt]it) = -2t"^exp(z/^7rt)'i9ii [z/; - j , (4.9) 



^11 ( ^; ] 



) = -2qhm{u7i)l[{l-q"'){l-zq'^){l-z^^q"') , (4.10) 



where 



2tt 



q = e-^ , z = e^'^" . (4.11) 

In the small t limit, this leads to 

^ii(ii/t;2t) ?« 2it"2 exp(z/^7rt) sin(z/7r)exp (-— ] . (4.12) 

Similary, by using the modular transformation of the Dedekind eta finction, we find that in 
this limit 

r7(zt)^t-^exp(^^) . (4.13) 

Gathering all of the contributions from the bosonic and the fermionic sectors, we obtain 



• 4 
sm 



(?) r.. 2' A..J*'^ 



A oc ^^^ / dt -t2 exp -^ . (4.14) 

sm i/TT JO vro-'a \ 2'na' / 
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We can read off the potential in the zero-slope limit from the amplitude ([4.14|) . For 



b < i.e. u ^ 0, we have a quite small potential showing that the system is in an almost 
supersymmetric configuration. For b > 0, u tends to 1. The potential becomes very large. 
This indicates that the system is far from being supersymmetric. 
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